Abstract. We consider the exponential stability of stochastic evolution equations with Lipschitz continuous non-linearities when zero is not a solution for these equations. We prove the existence of a non-trivial stationary solution which is exponentially stable, where the stationary solution is generated by the composition of a random variable and the Wiener shift. We also construct stationary solutions with the stronger property of attracting bounded sets uniformly. The existence of these stationary solutions follows from the theory of random dynamical systems and their attractors. In addition, we prove some perturbation results and formulate conditions for the existence of stationary solutions for semilinear stochastic partial differential equations with Lipschitz continuous non-linearities.
Introduction
The exponential stability of stochastic partial differential equations is an important problem, and it has received considerable attention during recent decades as the vast literature on this topic shows. Our aim here is to study the exponential stability of non-trivial stationary solutions of these equations.
The investigation of stability for constant stationary solutions for finite-dimensional stochastic differential equations goes back to Hasḿinskiȋ [14] using Lyapunov functions for the generator of the Markov semigroup. These ideas have been extended by Mao [20] In contrast to these constant stationary solutions we investigate the asymptotic exponential stability of non-trivial stationary solutions. In this respect, we consider semilinear stochastic evolution equations with Lipschitz continuous non-linearities. Under suitable assumptions we prove the existence of a unique stationary solution by using a fixed point argument based on the pullback technique. This stationary solution turns out to be exponentially stable in mean square, and also in the almost sure sense.
Although we prove almost sure convergence to the stationary solution, the exceptional sets depend on the initial condition, so it is not possible to consider uniform convergence with respect to a bounded set of initial conditions. However, this problem is overcome by using a technique from random dynamical systems which allows us to study the problem for exceptional sets independent of the set of initial conditions. It is unknown in general if stochastic partial differential equations with general diffusion coefficients generate random dynamical systems. However, if we suppose some kind of commutativity on these coefficients, then we are able to prove the existence of such a random dynamical system.
We prove the existence of a random fixed point, which is in fact a random variable. This random variable generates the exponentially stable stationary solution of the stochastic partial differential equation. Moreover, this stationary solution attracts bounded sets of initial conditions. Stationary solutions in this interpretation correspond with single point random attractors, an important object in the theory of random dynamical systems, see [8] , [12] or [23] .
Another aim of this paper is to analyze perturbations of stochastic partial differential equations and the relation between their stationary solutions. These perturbations are given by modifying the non-linear part of the equation. Under the assumption that the perturbations approach the non-linear part of the original equation and that the Lipschitz constants of the perturbed operators are uniformly bounded and not too large, we obtain the existence of stationary solutions which converge to the stationary solution of our original problem in the mean square sense.
For ω-wise convergence we formulate a theorem on the continuous dependence of random fixed points on a parameter.
